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Static Collapse of Elastic Circular Arches

N. F. Knight Jr.¤ and W. S. Carron†

Old Dominion University, Norfolk, Virginia 23529-0247

The static collapse of elastic circular arches is considered. Parametric studies of elastic circular arches with
different end conditions and different subtending angles are performed. These arches exhibit a collapse behavior.
These simulations are based on an assumed-stress hybrid, two-node beam element, which is brie� y described and
then used to study the static collapse of elastic circular arches. The in� uence on the collapse mode of deformation
of end conditions and arch geometry, as determined by the subtending angle, is discussed.

Introduction

A RCHES and curved beams representcommon structuralmem-
bers in many aerospace, automotive, and civil engineering

structures.These members generallyare used as stiffenersof a shell-
type structure and provide lateral support and stiffness to resist lat-
eral loads. Because of their curvature, the load-carryingcapacity is
higher than that of � at or straightbeams. However, they are also sus-
ceptible to large de� ections and possible collapse or snapthrough.
Predicting this type of response requires a nonlinear analysis to de-
termine the structural collapse load, the collapse deformation, and
the postcollapse structural response.

The structural responses of several elastic circular arches with
asymmetric and symmetric boundary conditions are studied. The
effect of the arch end conditions and the subtending angle on the
elastic collapse behavior is determined and described. This paper
brie� y summarizesa formulationfor an assumed-stresshybridbeam
element that exploits the corotational approach for solving large-
de� ection problems. The element is implementedwithin the NASA
Langley Research Center’s structural analysis software framework
COMET and directly coupled with its corotational utilities. The
computational framework provided by COMET is also brie� y
described.

Element Formulation
The element formulation is based on an assumed-stress hybrid

approach using the Hellinger–Reissner variational principle. This
two-node beam element with 12 degrees of freedom uses indepen-
dent � nite element approximations for both the displacement and
stress � elds. The beam element is a one-dimensionalelement able
to resist axial, torsional, shear, and bending loads about all axes.
It is further assumed to be prismatic and to remain elastic during
deformations. The strain-displacement relations account for trans-
verse shear deformation and twist. Details of the element matrices
and vectors are given by Deshpande1 and Carron.2

The displacement and stress � elds are approximated indepen-
dently. The displacement degrees of freedom at each node include
all six degrees of freedom (three translationsand three rotations). It
is assumed that the transverseshear strain is constant, and hence the
transverse displacements can be described as quadratic functions
along the element length, whereas the axial displacement and all
rotations are assumed to vary only linearly. These approximations
are written as

fug6 £ 1 D [N .» /]6 £ 12fdeg12 £ 1 .1/

where fug is the displacement � eld vector, [N ] is a matrix of
shape functions, and fdeg is the vector of element nodal degrees of
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freedom. These shape functions are derived to be consistent with
the approach present by Allman3 for drilling freedoms.

The stress � eld is derived within the natural coordinate system
of the element by considering the equilibrium conditions for a dif-
ferential beam segment. The element stress � eld is de� ned as beam
resultant forces and moments over the cross section. The vector of
six resultant forces and moments f¾ ¤g are related to the unknown
stress parameters f¯g by a matrix of polynomial approximations
along the element [P]I that is,

f¾ ¤g6 £ 1 D [P.» /]6 £ 6f¯g6 £ 1 .2/

where [P] is a matrix of polynomialapproximationfunctionsalong
the beam element length and » is the natural coordinate of the ele-
ment. The present element has six unknown stress parameters that
are used to describe a constant state of axial, torsional, and trans-
verse shear stress resultants and a linear distributionof the bending
moments along the beam element length. The assumed-stress � eld
satis� es the equilibrium conditions in a variational sense through
the Hellinger–Reissner principle.

The formulationof the beam is based on the followingvariational
statement:

¼ D
N ELEMX

e D 1

Z Le

0

f¾ ¤gT [@]fug dx ¡ 1

2

Z Le

0
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¡
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0

fugT f NT g dx ¡
N CONCX

I D 0

ujx I F jx I
(3)

where the � nite element approximationsare made for fug and f¾ ¤g,
[@] represents a matrix of differential operators that relate the dis-
placement� eld to the strain components,and [C ¤] is the constitutive
matrix. The last term in Eq. (3) involves the work done by concen-
trated point forces and/or moments acting at x I , and I ranges from
0 to NCONC. Substituting these approximationsinto the functional
and then imposing the stationaryconditionswith respect to thenodal
displacementdegreesof freedomand theunknownstressparameters
yields the linear stress analysis equations

[ke]fdeg D freg .4/

where [ke] is the element linear stiffness matrix, fdeg is the vector
of element nodal displacement degrees of freedom, and freg is the
vector of element work-equivalentnodal loads. The element linear
stiffness matrix is computed from

[ke] D [T ]T [H ]¡1[T ] .5/

and

[H ] D
Z Le

0

[P]T [C¤]¡1[P] dx (6)

[T ] D
Z Le

0
[P]T [@][N ] dx (7)

where [P] is a matrix of polynomialapproximationfunctionsfor the
stress � eld and [N ] is a matrix of shape functions for the displace-
ment � eld. These element expressions are derived using the linear
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strain-displacement relations at the element level and are evalu-
ated using symbolic computations. By using the nonlinear strain-
displacement relations and then linearizing the equations, the geo-
metric stiffness matrix can be derived. The element internal force
vector for the low-order corotational approach is given by

f fintg D [T ]T f¯g .8/

For a geometrically nonlinear problem, this internal force vector
representsthe local internal force thatmust be projectedto theglobal
system using the corotational utilities.4

Theseelementequationsare thenassembled,boundaryconditions
and point loads applied, and then these global equations are solved
usingan incremental-iterativeNewton–Raphson approachwith arc-
length control.

Computational Framework
To provide access to and a proving ground for new methods

in computational structural mechanics, the NASA Langley Re-
search Center developed the � nite element structural analysis soft-
ware framework called COMET.5 ;6 This computational framework
represents a modular, machine-independent,architecturallysimple,
software development environment that has evolved since 1984 to
accelerate the introduction and transfer research technology into
large-scale applications programs. The element research reported
herein is made possible through the use of COMET’s generic ele-
ment processor (GEP) feature,4 and the commonality of other as-
pects of the analysis (assembler, solver, etc.). The GEP interface to
COMET provides an effective and ef� cient means to develop and
assess element formulations and serves as a template for element
developers.

The constitutiverelations for elements are de� ned by an indepen-
dent COMET processor called the generic constitutive processor
(GCP).7 Currently the GCP only handles isotropic, homogeneous
beams even though anisotropiclaminatedplates and shells are read-
ily modeled. The beam constitutiverelationsare computedbasedon
geometry input including possibleoffsets of the centroidalaxes and
isotropic material data. The present element uses the constitutive
matrix [C ¤] directly in the element equations

f¾ ¤g6 £ 1 D [C¤]6 £ 6f"¤g6 £ 1 .9/

where f"¤g are the six strain measures for the beam consistentwith
the six resultant forces and moments represented by f¾ ¤g. Essen-
tially the entriesof [C¤] correspondto thebeamstiffnesscoef� cients
such as EA, EIyy , and GJ.

The geometric nonlinear response of the element is controlled
by the low-order corotational formulation offered through the
GEP and its corotational utilities. Within the element, the dis-
placements are decomposed into a rigid-body component and a
deformation-causingcomponent. Representation of the rigid-body
motion is accomplished through the use of the corotational for-
mulation wherein the element reference frame corotates with the
element. The deformation-causingcomponent is treated using the
small-strain assumptionsand linear strain-displacementrelationsat
the element level.This approach is referredto as the low-ordercoro-
tational formulation. If the nonlinear strain-displacement relations
are used at the element level, then the approachis calleda high-order
corotational formulation.

The solution strategy used by COMET is based on a modi� ed
Newton–Raphson algorithm, which updates the tangent stiffness
matrix at the beginning of each new step or when convergencedif-
� culties are encountered. Arc-length control is also used because
these arches exhibit limit points. In COMET, the nonlinear solution
strategy is implemented in a command language procedure named
NL STATIC 1 (Ref. 8). The convergencecriterionused in this study
to control the solution process is based on the energy norm with a
tolerance of 10¡3.

Numerical Results
The structuralstabilityof circulararchesis describedas the lossof

stability or reduction in load-carryingcapacity after large deforma-
tions have occurred. In a true sense, buckling does not occur; rather

Table 1 Effect of re� nement on collapse load

Number of Normalized collapse Error
elements load NPcr %

6 9.8124 9.39
8 9.7830 9.06
10 9.4418 5.26
12 9.3602 4.35
16 9.1934 2.49
20 9.1210 1.68
24 9.0603 1.01
30 9.0423 0.81
40 9.0157 0.51
Reference solution 8.97

Fig. 1 Clamped-hinged circular arch: R = 100 in., t = 1 in., b = 1 in.,
E = 12 £ 106 psi, and º = 0:0.

collapse occurs in the nonlinear response regime. For such cases,
the load-de�ection curve exhibits a maximum value, often called
a limit point, just prior to collapse. Researchers in � nite element
technology often use the circular arch with a subtending angle of
215 deg and asymmetric boundary conditions as a challenging test
problem. This problem is studied herein as well. In addition, a full
range of subtending angles are considered for both the asymmetric
and symmetric end boundary condition case. Numerical results are
compared with those of DaDeppo and Schmidt.9;10

Circular Arch Problems
The circular arches considered have the same geometry as those

studied by DaDeppo and Schmidt9 (Fig. 1). The following notation
is used: P is the downward concentrated point load acting at the
crown of the arch at point C, 2® is the subtendingangle of the arch,
R is the centroidalradiusof curvature,E is the modulusof elasticity,
º is Poisson’s ratio, I is the moment of inertia, U is the horizontal
de� ection of the crown point C, and V is the vertical de� ection of
the crown point C. The rectangular cross-sectionaldimensions and
elastic modulus are selected such that EI D 106 lb-in:2. Two sets of
boundary conditions are considered. One set is asymmetric and is
different at the two ends of the arch (one is clamped, the other is
hinged), whereas the other set is symmetric with both ends being
clamped. In both cases, the applied load P at the arch crown (at
point C) is normalized such that NP D PR2=EI.

Common Geometry Case (2® = 215 Degrees)
The most common geometry considered by other researchers is

the case for a subtending angle 2® of 215 deg and asymmetric
boundaryconditions.11– 15 This geometry corresponds to a deep cir-
cular arch. The solutions obtained by DaDeppo and Schmidt9 are
based on Euler’s nonlinear theory of an inextensible elastica with
no restrictions on the magnitude of the de� ections. For this sub-
tending angle, the normalized collapse load NPcr from Ref. 9 is 8.97.
Numerical solutions are obtained using the present element with
the low-order corotational formulation and the modi� ed Newton–

Raphson solution procedure with arc-length control.

Convergence Study
Different � nite element discretizations are considered for this

problem. The number of elements needed in the mesh is in� uenced
by the nonlinear responseand also by the geometry of the structure.
That is, too few elements results in approximating the circular arch
as a portal frame. Because the present element is a straight beam
element, modeling the geometry accurately is an important driver
in de� ning the mesh. Also, the entire arch needs to be modeled due
to the asymmetry of the boundary conditions. The � nite element
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Table 2 Collapse load and de� ection parameters for different
subtending angles

NPcr , NPcr , U=R, U=R, V=R, V=R,
2®, reference present reference present reference present
deg solution9 element solution9 element solution9 element

60 24.75 24.62 0.0113 0.0143 0.0693 0.0626
80 18.87 19.08 0.0266 0.0272 0.1260 0.1328
100 15.42 15.62 0.0515 0.0515 0.2038 0.2349
120 13.21 13.39 0.0881 0.0890 0.3061 0.3064
140 11.74 11.90 0.1384 0.1398 0.4386 0.4375
160 10.78 10.93 0.2038 0.2052 0.6074 0.6304
180 10.27 1043 0.2869 0.2904 0.8178 0.8144
190 10.23 10.39 0.3375 0.3389 0.9410 0.9504
200 10.42 10.59 0.3995 0.4035 1.0802 1.0800
205 10.71 —— 0.4398 —— 1.1599 ——
210 11.47 11.63 0.5097 0.5072 1.2580 1.2620
210.625 11.05 —— 0.5649 —— 1.2228 ——
211.25 10.60 —— 0.5761 —— 1.2013 ——
212.5 9.94 —— 0.5907 —— 1.1739 ——
215 8.97 9.12 0.6116 0.6106 1.1372 1.1310
220 7.58 7.70 0.6438 0.6466 1.0866 1.0918
230 5.72 5.81 0.6940 0.6987 1.0136 1.0238
240 4.47 4.54 0.7340 0.7299 0.9554 0.9415
260 2.86 2.91 0.7994 0.7979 0.8714 0.8659

Fig. 2 Load vs de� ections for clamped-hinged deep circular arch;
2® = 215 deg.

models considered herein have equal size elements with a node
always at the arch crown (denoted as point C).

The normalized collapse loads obtained using various discretiza-
tions are given in Table 1 for the present element. The coarest � nite
element mesh considered has only six elements along the entire
arch (approximately36 deg per element) and predicts a normalized
collapse load within 10% of the reference solution. With 20 ele-
ments (11 deg per element), the normalized collapse load predicted
is within 1.7% of the reference solution. This level of discretization
is consistentwith that used by other investigators,11– 15 is represen-
tative of an accurate solution (less than a 1% change compared to
the 24-element solution), and is used in all subsequent calculations.

Fig. 3 Collapse load vs subtending angle for clamped-hinged circular
arch.

a) Point A

b) Point B

c) Point C (limit point)

d) Point D (postcollapse)

Fig. 4 Clamped-hinged circular arch with 2® = 120 deg: structural
response and deformed geometries.

Nonlinear Response for 2® = 215-Degree Case
The load vs de� ection curves obtained for the 20-element model

are shown in Fig. 2 and comparedwith the analyticalsolutions from
Ref. 9. The normalized applied load NP is shown as a function of
the vertical de� ection V and the horizontal de� ection U at point
C normalized by the centroidal radius of the arch R. These results
clearly indicate the accuracyof the present element and the solution
approach. Also shown in Fig. 2 are the results obtained from a
linear analysis, which indicate the unconservativenature of such a
prediction for nonlinear softening systems.
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a) Point A

b) Point B

c) Point C (limit point)

d) Point D (postcollapse)

Fig. 5 Clamped-hinged circular arch with 2® = 260 deg: structural
response and deformed geometries.

Effect of Subtending Angle 2® on Collapse
Using the 20-elementmodel, the subtendingangle 2® is varied to

determineits effecton the structuralbehaviorof such elasticcircular
arches.Results of this parametric study along with the analytical so-
lutions obtainedby DaDeppo and Schmidt9 are presented in Table 2
and Fig. 3. The solutions obtained using the present element are in
good agreement with the reference solutions.As the subtendingan-
gle increases, a cusp in the collapse load vs subtendingangle curve
shown in Fig. 3 occurs at approximately 2® D 210 deg. On either
side of this cusp, a smooth curve appears to describe the structural
behavior.

Examining the deformed geometries for arches with different
subtending angles 2® on either side of the cusp reveals different
structuralbehavior.For 2® D 120 deg, the arch exhibits a prominent
local bendingbehaviornear the arch crown, as shown in Fig. 4. The
arch does not wrap around the hinged support and yet continues
to snap through. For 2® D 260 deg, the arch exhibits minor local
bending the near the crown, as shown in Fig. 5. However, the arch
does exhibit a strong tendency to wrap around the hinged support
in an asymmetric sidesway mode.

For 2® D 215 deg, the arch exhibits behavior that is more com-
plex, as shown in Figs. 2 and 6. As the load increases from zero,
the arch deforms as indicated in Fig. 6a for a load level well below
the collapse load. Just prior to reaching the collapse load, the asym-
metry of the arch boundary conditions, as well as a local bending
response or buckle near the crown, begin to be ampli� ed (Fig. 6b).
Near the collapse load, the arch begins to wrap around the hinged
support, as shown in Fig. 6c. The postcollapsebehavior is shown in

a) Point A

b) Point B

c) Point C (limit point)

d) Point D (postcollapse)

Fig. 6 Clamped-hinged circular arch with 2® = 215 deg: structural
response and deformed geometries.

Fig. 6d, from which the limitations of the present 20-element dis-
cretization are apparent as large local curvatures develop near the
hinged support.

By comparing the response curves given in Figs. 4–6 for these
three differentsubtendingangles, severalobservationscan be made.
First, as the value of the subtending angle increases, the slope of
these load vs de� ection curves prior to collapse tends to increase.
Also as the angle increases, the value of the collapse load decreases
except for values near the cusp in Fig. 3. Near the cusp, the load-
de� ection curve exhibits a rapid increase in stiffness as the collapse
load is approached.For arches with a subtendingangle greater than
210 deg, the nonlinear results indicate that, after very large pre-
collapse de� ections (when the crown has de� ected vertically to the
level of the supports), no furtherincreasein the horizontalde� ection
U at the crown occurs. This is demonstrated by the near vertical
tangent in the load vs horizontal de� ection curves given in Figs. 5
and 6 after the collapse load is reached.

Effect of Boundary Conditions
Using the 20-element model, the asymmetric boundary condi-

tions were changed so that both ends of the arch are clamped and
the � nite element models included the full span of the entire arch.
Again, differentvalues of the subtendingangle 2® are consideredto
determineits effect on the structuralbehaviorof such elasticcircular
arches.Results of this parametric studyalongwith the analytical so-
lutions obtainedby DaDeppo and Schmidt10 are presented in Fig. 7.
The solutionsobtained using the present element are in good agree-
mentwith the referencesolutions.As the subtendingangle increases,
the normalized collapse load decreases in a smooth manner with-
out any detectable cusps in the solution. For these boundary condi-
tions, the crown of the arch de� ectsverticallywithoutany horizontal
de� ection.
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Fig. 7 Collapse loadvs subtendingangle for clamped-clampedcircular
arch.

Comparing the collapse loads as a function of subtending angle
for the two sets of boundary conditions indicates that, in general,
the arches with clamped ends have a higher load-carryingcapacity
except for subtending angles in the range near the cusp in Fig. 3. In
addition, the structural behavior of the arch is also symmetric prior
to collapse for the completely clamped case.

Summary
The response of elastic circular arches is studied for different

end conditions and subtending angles. From the onset of loading,
the response exhibits a nonlinear behavior. This behavior is often
referred to as the nonlinear prebuckling response even though the
behavior is that of a limit point or collapse. At the collapse load, a
rapid reduction in load-carryingcapacityoccurs. For the case of the
asymmetricend conditions,a change in the nonlinearresponsechar-
acteristics occurs at a subtending angle of approximately 210 deg.
The response for values below this value exhibits signi� cant local
bending near the crown of the arch. The response for values above
this value exhibit only minor local bending near the crown but a
signi� cant amount of wraparound near the hinge support. The re-
sponse for values near 210 deg are complex combinations of both
behaviors.For asymmetric boundaryconditions,differentstructural
behavior is observed for different values of the subtending angle as
the load approaches the collapse value. For symmetric boundary
conditions, no sidesway motion is observed.

The assumed-stresshybrid two-node beam element used in these
studies has been implemented in COMET. Independentapproxima-
tions are made for the displacements and stresses. The stress � eld
is assumed to be consistentwith the force and moment equilibrium
equations. The displacement � eld is assumed to be linear along the
element length except that the transverse de� ections vary quadrat-
ically using the rotational degrees of freedom. The element formu-
lation is coupled to the corotational utilities in COMET, thereby

allowing the solution of large-de� ection problems even though the
element strain-displacementrelations only include the linear terms.
The results obtainedusing the present element indicate its excellent
performance for predictingthe elastic collapse load of deep circular
arches.
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